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The estimation of the order of a mixture
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We propose a new method to estimate the number of different populations when a large sample of a
mixture of these populations is observed. It is possible to define the number of different populations
as the number of points in the support of the mixing distribution. For discrete distributions having a
finite support, the number of support points can be characterized by Hankel matrices of the first
algebraic moments, or Toeplitz matrices of the trigonometric moments. Namely, for one-dimensional
distributions, the cardinality of the support may be proved to be the least integer such that the Hankel
matrix (or the Toeplitz matrix) degenerates. Our estimator is based on this property. We first prove the
convergence of the estimator, and then its exponential convergence under wide assumptions. The
number of populations is not a priori bounded. Our method applies to a large number of models such
as translation mixtures with known or unknown variance, scale mixtures, exponential families and
various multivariate models. The method has an obvious computational advantage since it avoids any
computation of estimates of the mixing parameters. Finally we give some numerical examples to
illustrate the effectiveness of the method in the most popular cases.
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1. Introduction

The estimation of the number of populations that compose a mixture is a classical statistical
problem.
Let {Gg, 6 € ©} be a parametric family of distributions. We consider the mixture model

0= 76, = JGedﬂ(ﬂ). 6, # 0, for i # ),
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where 7 is the order of the mixture and u = _/_ ;04 is a probability distribution on ©.
Assume that we observe an n sample X, ..., X, of the distribution Q, where the

parameters (m, ..., 7,; 6y, ..., 6,) are unknown, and we want to estimate the order r.

Indeed, this may be either the first step for a complete estimation of the mixture, or the

question of interest in itself. This problem is known to be in general quite hard partly

because estimating the parameters of the mixture, given the order r, is difficult.
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